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We prove that, for arbitrary three-dimensional transformation-based invisibility cloaking of an
object above a ground plane or of isolated objects, there are practical constraints that increase
with the object size. In particular, we show that the cloak thickness must scale proportional to
the thickness of the object being cloaked, assuming bounded refractive indices, and that absorption
discrepancies and other imperfections must scale inversely with the object thickness. For isolated
objects, we also show that bounded refractive indices imply a lower bound on the effective cross-
section.
PACS numbers:
I. INTRODUCTION
Invisibility “cloaking” refers to the idea of making
an object appear invisible, or at least greatly reducing
its scattering cross-section, by surrounding it with ap-
propriate materials, and has attracted extensive popu-
lar and research interest following a theoretical proposal
by Pendry [1]. Unfortunately, cloaking of isolated ob-
jects turns out to be severely restricted, in that speed-
of-light/causality constraints intrinsically limit perfect
cloaking to an infinitesimal bandwidth [1, 2]. An alter-
native with no intrinsic bandwidth limitations is ground-
plane cloaking [3], in which the goal is to make an object
sitting on a reflective surface indistinguishable from the
bare surface. In this paper, however, we show that both
forms of cloaking are subject to practical difficulties that
increase as the size of the cloaked object grows, gener-
alizing a simple one-dimensional argument that we pre-
viously applied to ground-plane cloaking [4]. We focus
most of our attention on the case of ground-plane cloak-
ing, which seems to be the most practical possibility, but
we then show that a very similar analysis applies to cloak-
ing of isolated objects. In both cases, our key starting
point is the assumption that the attainable refractive in-
dices are bounded, in which case we show that the cloak
thickness must scale with the object size and hence any
losses per unit volume (including both absorption and
scattering from imperfections) must scale inversely with
the object size. It has been suggested that gain could
be used to compensate for absorption loss (but not other
imperfections) in the cloak [5], but a corollary of our re-
sults is that such compensation must become increasingly
exact as the object diameter increases.
Although there have been several experimental demon-
strations of ground-plane cloaking [6–15], as well as the-
oretical investigation of several variations on the under-
lying idea [16–19], we previously argued using a sim-
ple one-dimensional model system that the difficulty of
ground-plane cloaking must increase proportional to the
thickness of the object being cloaked [4]. In this paper,
we generalize that simple argument to a rigorous proof
for arbitrary cloaking transformations in three dimen-
sions. We demonstrate that the thickness of the cloak
must scale proportional to the size of the object, given
bounded material properties. (Previously, we arrived at
a similar conclusion in one dimension from the delay–
bandwidth product [4], but here our result is derived in-
dependent of the bandwidth, although the bounds on
the indices ultimately depend on the bandwidth.) From
this, if one requires a bounded reduction in the scat-
tering cross-section, it follows that the loss (due to ab-
sorption or other imperfections) per unit volume must
scale inversely with the object thickness, and we quan-
tify this scaling more precisely in the case of absorption
loss and scattering from disorder. For a lossy ambient
medium such as a fluid (with an observer close enough
to see the object), the losses of the cloak must asymp-
totically approach those of the ambient medium, and de-
fects/roughness that scatter light must still vanish, so
there is still a sensitivity to imperfections. (On the other
hand, ambient fluids have the advantage that it is easier
to index-match them with a solid cloak without resort-
ing to complicated metamaterial microstructures suscep-
tible to manufacturing imperfections. This helped recent
authors, using natural birefringent materials, to demon-
strate cloaking effects at visible wavelengths for cm-scale
structures [13, 14].) In addition to scattering and loss,
systematic imperfections (such as an overall shift in the
indices or an overall neglect of anisotropy in favor of ap-
proximate isotropic materials [3]) must also vanish in-
versely with object thickness, since such systematic er-
rors produce a worst-case phase shift in the reflected field
proportional to the imperfection and the thickness of the
cloak (the path length, which scales with the object).
(For oblique angles of incidence, such phase shifts can
cause a lateral shift in the reflected beam [18], analogous
to a Goos-Ha¨nchen shift.)
Cloaking of isolated objects, on the other hand, is
already subject to severe bandwidth restrictions: per-
fect cloaking in vacuum over a nonzero bandwidth would
imply rays traveling at greater than the speed of light
around the object [1], which can be interpreted as
a causality violation [2]. Nevertheless, the isolated-
cloaking problem is of considerable fundamental theoret-
2ical interest [5, 20–42], and several groups have demon-
strated single-frequency cloaking of small objects in ex-
periments [43–46]. Although several theoretical simula-
tions included absorption loss [5, 22, 26, 27, 33, 41, 47,
48], the first work we are aware of to suggest a tradeoff
between absorption tolerance and object size was Ref. 39.
Based on these numerical experiments [39] and on com-
parison with ground-plane cloaking, we suggested [4] that
even single-frequency isolated-object cloaking must be-
come increasingly difficult as the cloaked object becomes
bigger, and in this paper we are able to prove that result
analytically. In particular, assuming that the attainable
refractive indices are bounded above, we show that the
cloak thickness must scale proportional to the object di-
ameter and any cloak losses (absorption or imperfections)
must scale inversely with diameter. (Experimentally, the
group to claim isolated cloaking of an object more than
wavelength-scale in diameter [49] did not do so in vac-
uum, but rather within a parallel-plate waveguide system
free of complex microstructures and hence with very low
intrinsic losses.) Another limitation on isolated object
cloaking is that the singularity of the cloaking transfor-
mation (which maps an object to a single point) cor-
responds to very extreme material responses (e.g. van-
ishing effective indices) at the inner surface of a perfect
cloak [50]. Here, independent of our results on losses, we
show that if the attainable refractive indices are bounded
below, then the cloak is necessarily imperfect: it reduces
the object cross section by a bounded fraction, even for
otherwise lossless and perfect materials. (Previous au-
thors showed that the bounded reduction in the cross
section obtained from a non-singular cloaking transfor-
mation could be partially defeated by resonant inclusions
in the object [51], but this problem seems avoidable by
a cloak with a reflective inner surface that masks the
nature of the cloaked object.) Both of these diameter-
scaling limitations are apparent if one looks at explicit
examples of cloaking transformations, such as Pendry’s
original linear scaling [1], but our results differ from such
observations in that they hold in general for any arbi-
trary transformation, including transformations that are
not spherically symmetrical.
II. GROUND-PLANE CLOAKING
Consider an object in a volume Vo on a reflective
ground plane, surrounded by a homogeneous isotropic
ambient medium with permittivity εa and permeability
µa. This object is cloaked by choosing the materials ε
and µ in a surrounding volume Vc to mimic a coordinate
transformation, with Jacobian J , mapping the physical
space X to a virtual space X ′ in which the object is
absent (Jij = ∂xi/∂x′j), as shown in Fig. 1. This is
achieved by ε = εaJJ T / detJ and µ = µaJJ T / detJ
(for isotropic εa, µa) [1]. (The surface of the object in X
is mapped to the ground plane in X ′, and so the inner
surface of the cloak must be reflective like the ground
object
Vc
Sc
Vo
εa, µa εa, µa
εa, µa
V c
SC
Jij= xi x j
 reflective ground plane reflective ground plane
physical space X virtual space X
cloak
FIG. 1: Schematic of a general cloaking problem: an object
in a volume Vo sitting on a reflective ground is cloaked by
choosing the materials ε and µ in a surrounding volume Vc to
mimic a coordinate transformation, with Jacobian J , map-
ping the physical space X to a virtual space X ′ in which the
object is mapped into the ground and Vc is mapped into the
entire V ′
c
= Vc ∪ Vo volume with the homogeneous ambient-
space properties εa and µa. Sc denotes the outer surface of
the cloak (identical in X and X ′).
plane.) We derive the limitations of cloaking under the
following two practical requirements:
• The attainable refractive index contrast√
εµ/
√
εaµa (the eigenvalues of JJ T / detJ )
is bounded above by B and below by b.
• The scattering cross-section (nonzero due to im-
perfections in the cloak) for any incident wave is
bounded above by some fraction f of the geometric
cross-section sg.
Given these two constraints, we derive the following re-
lations between the difficulty of cloaking and the size of
the object to be cloaked:
• The thickness of the cloak must scale with the ob-
ject thickness (divided by B).
• The allowed imperfections (e.g. disorder or absorp-
tion) must scale at most inversely with the object
thickness.
A. Cloak thickness
The volume Vc is given by
∫
V ′
c
| detJ |dx′dy′dz′, and
therefore constraints on Vc/V
′
c immediately follow from
two facts. First, | detJ | can be bounded due to the
bound B on the index change above. Second, an even
tighter bound follows from the fact that the outer sur-
face Sc of the cloak is invariant under the coordinate
transformation. In particular, defining Jx and Jy as the
first two columns of J and denoting singular values of
J by σi (σ2i are eigenvalues of JJ T [52]), referring to
the cross sections A′(z′) defined in Fig. 2, we show the
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FIG. 2: The cloaked volume V ′
c
in virtual space can be divided
into flat cross-sections A′(z′) for each z′ ∈ [0, z0]. These are
mapped to curved surfaces A(z′) in X. The invariance of the
outer surface Sc means that the boundaries (solid dots) of
A(z′) and A′(z′) coincide, and hence A(z′) ≥ A′(z′).
following sequence of bounds:
Vc =
y
V ′
c
| detJ | dx′dy′dz′ (1)
≥ (minσi)
∫ z0
0
dz′
x
A′(z′)
|Jx × Jy | dx′dy′ (2)
= (minσi)
∫ z0
0
A(z′) dz′ (3)
≥ (minσi)
∫ z0
0
A′(z′) dz′ = (min σi)V
′
c (4)
≥ V ′c/B. (5)
Step (2) follows from | detJ | = ‖J T (Jx × Jy)‖, and
‖J Tu‖ ≥ (minσi)‖u‖ for any vector u [52]. The x′y′
integral in line (2) is simply the area A(z′) that A′(z′)
maps to, and A(z′) ≥ A′(z′) because the outer boundary
(solid dots in Fig. 2) is identical in A and A′ and the flat
surface A′ is the minimal area for this boundary. Finally,
step Eq. (5) stems from elementary properties of singu-
lar values: the eigenvalues of JJ T /| detJ | are simply
b ≤ σ2i /σ1σ2σ3 ≤ B [52], and algebraic manipulation of
this inequality yields B−1 ≤ σi ≤ b−1. Thus, we have
shown that Vc ≥ V ′c/B, but since the outer surface Sc is
invariant it follows that the thickness of the cloak must
scale proportional to the object thickness divided by B.
B. Cloak losses
We will analyze losses due to imperfections via pertur-
bation theory: we first obtain the fields in a perfect cloak
(ε and µ given exactly by the transformation law), and
then consider the lowest-order absorption or scattering in
the presence of small imperfections. Suppose the object
is illuminated by an incident planewave with electric-field
amplitude E0, which means that the total field (incident
+ reflected) in the ambient medium and in V ′c has am-
plitude ≤ 2E0. For a perfect cloak, the fields in the
cloak Vc are simply given by (J T )−1 multiplied by the
reflected planewave in virtual space X ′ [1], and hence the
field amplitude E in the cloak is ≤ 2E0/(minσi) ≤ 2E0B
(using the bounds on the singular values σi from above).
We must consider the worst-case losses for arbitrary inci-
dent waves; since this is bounded below by the loss from
any particular incident wave, it is convenient to consider
glancing-angle p-polarized planewaves where the field is
a constant E0 everywhere in V
′
c and E ≥ E0b in the cloak
(from the bound on maxσi).
1. Absorption
An absorption imperfection is a small deviation ∆ Im ε
in the imaginary part of ε compared with εaJJ T / detJ .
(Similarly for µ, but it suffices to consider electric absorp-
tion here.) This gives a change ω2 Re
∫
Vc
E∗∆Im εE in
the time-average absorbed power at a frequency ω [53].
To lowest order in ∆ε, we can take E to be the field
in the perfect cloak, and suppose for simplicity that the
absorption is isotropic (∆ Im ε is a scalar), and there-
fore the worst-case change in the absorbed power is
≥ ω2E20b2|
∫
Vc
∆Im ε|. Combined with our initial re-
quirement on the scattering cross-section, the change
in the absorbed power must be ≤ fsgI0 where I0 =
1
2E
2
0
√
εa/µa is the incident intensity, and we obtain the
following bound:
mean∆ Im ε ≤ f
√
εa/µa
ωb2
sg
Vc
≤ f
√
εa/µaB
ωb2
sg
V ′c
, (6)
(using the Vc inequality above). The ratio sg/V
′
c scales
as 1/thickness, so this means that the mean ∆ Im ε scales
inversely with the thickness of the object to be cloaked.
(The 1/ω dependence means that this can be interpreted
as a bound on the conductivity.)
Equation (6) is a necessary condition on the loss, but
is too optimistic to be a sufficient condition. For exam-
ple, suppose that the ambient medium is lossy, so that
∆ Im ε can have either sign depending on whether the
cloak is more or less lossy than the ambient medium (or
alternatively, ∆ Im ε < 0 could come from gain). Equa-
tion (6) is satisfied if the more-lossy and less-lossy re-
gions of the cloak average to zero, but in fact this will
not result in a zero scattering cross-section for arbitrary
incident waves. For example, a narrow incident beam
(rather than a planewave) will interrogate the loss in
some regions of the cloak more than others, and even a
planewave at a different angle will create a standing-wave
pattern that has higher field intensity in some regions—
in these cases, any delicate cancellation in the absorp-
tion will be destroyed. Instead, we can derive a suf-
ficient condition on the loss by bounding the change
in absorption above rather than below. In particular,
|ω2 Re
∫
Vc
E∗∆Im εE| ≤ ω2 Vc(2E0B)2 max |∆Im ε|, and
thus it is sufficient for
max |∆Im ε| ≤ f
√
εa/µa
4ωB2
sg
Vc
≤ f
√
εa/µa
4ωB
sg
V ′c
. (7)
4This is, perhaps, stronger than strictly necessary; we con-
jecture that a weaker sufficient condition exists that re-
places max |∆Im ε| by an average of ∆ Im ε in the small-
est region that can be interrogated by an incident wave
(i.e. some wavelength-scale region). Regardless, both
the sufficient and necessary conditions on the absorption
imperfections scale inversely with the object thickness.
This is true regardless of whether the ambient medium is
lossy, and also means that any gain-based compensation
of absorption must become increasingly exact for larger
objects.
2. Random imperfections
Small random imperfections can be thought of as scat-
terers distributed randomly throughout Vc with some po-
larizability α (dipole moment p = αE) [54]. For exam-
ple, a small change ∆ε in a small region δV corresponds
to α = ∆εδV . Computing α for surface roughness is
more involved, but is conceptually similar [54]. If these
imperfections are uncorrelated, then on average the scat-
tered power is simply the mean dipole radiation from
each scatterer multiplied by the density dα of scatter-
ers (the radiation from different scatterers is incoherent,
so interference terms average to zero) [53]. This radia-
tion is most easily computed by transforming each scat-
terer back to virtual space X ′, where the polarizability
is α′ = (J T )−1αJ −1 detJ , so that |α′| ≥ |α|/B from
above. The radiated power of a point source in vir-
tual space (homogeneous above a ground plane) varies
with distance and orientation above the ground plane
due to the image dipole source below the ground plane,
but the worst-case (over all incident waves) average (over
all scatterer positions) scattered power is proportional
(with a constant factor of order unity) to the radiated
power of a point source in the homogeneous medium,
(α′E0)
2ω4µa
√
εaµa/12pi [53]. Multiplying this by the
number dαVc of scatterers and comparing to the re-
quirement on the worst-case loss, one finds that α2dα is
bounded above by a quantity proportional to B3fsg/V
′
c ,
which again scales inversely with the thickness of the
cloaked object.
Note that, while gain could conceivably be used to
compensate for absorption loss, it does not seem appli-
cable to scattering from imperfections.
III. CLOAKING OF ISOLATED OBJECTS
Consider the problem of cloaking an isolated ob-
ject of volume Vo in a homogeneous isotropic ambient
medium using a transformation-based cloak of volume
Vc surrounding the object. As above, the cloak mate-
rial is determined from a coordinate mapping with Ja-
cobian J , via the equations ε = εaJJ T / detJ and
µ = µaJJ T / detJ . Now, however, there is no ground
plane, and so the coordinate mapping instead attempts to
Sc
Vc
Vo
Sc
V cJij= xi x j
physical space X virtual space X
εa, µa
object
cloak
So
S o
V o
FIG. 3: isolated-object cloak
shrink the object: it maps the physical space X to a vir-
tual space X ′ in which the object volume Vois mapped to
a smaller volume V ′o , as shown in Fig. 3. (As for ground-
plane cloaking, the outer cloak surface Sc is invariant,
since the transformation is the identity outside of the
cloak.) Perfect cloaking corresponds to the case in which
V ′o is a single point, but we will show that this is not pos-
sible if the index contrast (eigenvalues of JJ T / detJ ) is
bounded below by b > 0 as above. We will also show re-
sults analogous to our results for ground-plane cloaking:
if the index contrast is bounded above by B, then the
thickness of the cloak must scale with the object diam-
eter, and correspondingly the losses (from absorption or
imperfection) in the cloak must decrease with the object
diameter.
Before developing our general results, however, we will
begin with a specific illustrative example which demon-
strates these scalings: an adaptation of Pendry’s linear-
scaling cloak design [1] to a nonzero V ′o .
A. Example: A spherical linear-scaling cloak
Suppose that the cloaked object is a sphere of radiusR1
and the cloak has outer radius R2. We shrink the object
to a sphere of radius R′1 with the transformation r
′ =
R′1+(r−R1)(R2−R′1)/(R2−R1) in spherical coordinates.
This leads to the following transformed materials in the
cloak region (applying the general spherical-coordinate
version of the transformation [1]:
εθ/εa =µθ/µa = εφ/εa = µφ/µa =
R2 −R′1
R2 −R1 , (8)
εr/εa =µr/µa =
R2 −R1
R2 −R′1
[
R′1 +
r−R1
R2−R1
(R2 −R′1)
]2
r2
(9)
At the inner cloak surface r = R1, the radial com-
ponents of ε and µ simplify to R2−R1
R2−R
′
1
(R′1/R1)
2, which
vanishes for R′1 = 0. If we impose a lower bound b on the
singular values of εµ/εaµa, however, then R
′
1 cannot van-
ish. In particular, if R1 ≫ R′1 then (R′1/R1)2 ∼ b, and
hence the area reduction S′o/So ∼ b. Below, we show
in general (for arbitrary non-spherical transformations)
5that a b > 0 condition imposes a lower bound on the
area reduction.
Even if b = 0, there is still a relationship between the
index-contrast upper bound B and the cloak thickness.
Suppose R′1 ≪ R1 (i.e. it is an effective cloak). Then the
tangential components of ε and µ are ≈ R2/(R2−R1) ≤
B, from which it immediately follows that the cloak
thickness R2 − R1 is bounded by R2/B ∼ R1/B. This
is identical to what we found for ground-plane cloaking,
above: cloak thickness scales with object thickness di-
vided by B. Below, we will generalize this thickness scal-
ing to arbitrary non-spherical cloaks.
B. General limits on cloaking cross section
In this section, we show in general that the S′o, the ef-
fective surface area of the cloaked object, must be≥ Sob2.
That is, if b > 0, then the area S′o as seen by an ob-
server must scale proportional to the object area, so that
the cross section is reduced by a bounded factor. (For
objects much larger than the wavelength, the scattering
cross section is proportional to the geometric cross sec-
tion S′o.) From the spherical example above, it might
be possible to derive an even tighter ∼ b bound on S′o,
but the Sob
2 bound here is sufficient to demonstrate the
scaling with So.
Our basic approach is to write down So in terms of an
integral over S′o, and then to bound the integral:
So =
{
S′
o
|Ju × Jv| dA′(u′, v′), (10)
where (u, v) ↔ (u′, v′) is some coordinate system of the
surfaces, dA′(u′, v′) is the area element in S′o, and Ju and
Jv are columns of the Jacobian matrix as in Sec. II A. We
must then bound |Ju ×Jv| similar to our previous anal-
ysis, but this is conceptually complicated somewhat by
the fact that the coordinate system here is non-Cartesian,
meaning that J no longer has the same bounds. To cir-
cumvent this difficulty, we apply a standard trick from
differential geometry [55]: we cover the surface S′o with
small overlapping neighborhoodsN ′k (a locally finite open
covering [55]) where the surface is locally approximately
flat, in which case we can define a local Cartesian coor-
dinate system and use the Cartesian bounds on J (ulti-
mately taking the limit of infinitesimal neighborhoods so
that the local flatness becomes exact). To combine these
local results, one uses a partition of unity [55]: a set of
“bump” functions p′k(u
′, v′) (nonzero only on N ′k) such
that
∑
k p
′
k = 1 on S
′
o. Thus, we obtain:
So =
∑
k
x
N ′
k
|Ju × Jv| p′kdA′. (11)
Now, in the limit of infinitesimal neighborhoods N ′k, we
can freely treat each integral as being over a local Carte-
sian coordinate system, in which case J is the ordinary
Cartesian Jacobian matrix. Now, we use two facts. First,
we know | detJ | = σ1σ2σ3 ≤ (max σi)2(min σi). Sec-
ond, similar to Sec. II A, | detJ | = ‖J T (Ju × Jv)‖ ≥
(minσi)|Ju × Jv| from general properties of singular
values [52]. Combining these two inequalities, we find
|Ju × Jv| ≤ (maxσi)2 = 1/b2. Substituting this bound
into the integral above, we finally obtain:
So ≤
∑
k
x
N ′
k
p′kdA
′/b2 (12)
=
{
S′
o
(∑
k
p′k
)
dA′/b2 =
{
S′
o
(1)dA′/b2 (13)
= S′o/b
2, (14)
the desired inequality. (Note that if the object contains
corners where S′o is not locally flat, that does not affect
this analysis since those corner regions have zero measure
in the integral. The bounds on J mean that corners in
So must be mapped to corners in S
′
o and vice versa, and
the integrand is finite.)
We suspect that a tighter bound, proportional to b
instead of b2, can be proved by taking into account the
fact that the coordinate transformation must leave Sc
invariant. In the spherically symmetrical example above,
the purely radial nature of the coordinate transformation
caused it to have at most one factor of 1/b in | detJ |
(only one eigenvalue of ε and µ vanishes for R′1 = 0) and
not two, leading to an So ∼ S′o/b dependence. A similar
single factor of b in the general case would give a 1/b
scaling in the inequalities above by replacing (max σi)
2
with maxσi.
C. General scaling of cloak thickness and loss
A simple linear scaling of the cloak volume, as men-
tioned at the beginning of Sec. II A, follows immediately
from the bounds on | detJ |:
Vc =
y
V ′
c
| detJ | dx′dy′dz′ ≥ (min σi)3V ′c ≥ V ′c/B3
(15)
As for ground-plane cloaking, we can define a mean thick-
ness Vc/Sc of the cloak. For a useful cloak, V
′
o ≪ Vo and
hence V ′c ≈ Vc + Vo. Thus, V ′c/S′c = V ′c /Sc is a mean
total (cloak + object) diameter. Therefore, we have
just demonstrated the inequality Vc/Sc ≥ (V ′c /S′c)/B3
(to lowest order in V ′o/Vo), which means that the mean
cloak thickness Vc/Sc must scale proportional to the ob-
ject diameter.
The spherical Pendry example above leads us to sus-
pect that a tighter bound ∼ 1/B can be derived. Similar
to the ground-plane example in Sec. II A, we expect that
the key point is that we have not yet taken into account
the constraint S′c = Sc on the cloaking transformation.
However, our main goal here is to demonstrate the scaling
6of cloak thickness with object thickness, not to fine-tune
the constant factor.
Now that we know that cloak thickness must scale with
object thickness, an analysis of losses similar to that in
the ground-plane case above must apply. As the object
becomes thicker, incident rays travel for a longer distance
through the cloak, and hence for a fixed tolerance on the
cross section the losses per unit distance must shrink pro-
portional to the object diameter. Hence absorption losses
(or rather, the difference between the cloak absorption in
X ′ and the absorption of the ambient medium) and im-
perfections must scale inversely with the diameter. As we
pointed out in our previous paper [4], precisely such an
inverse scaling of absorption tolerance with diameter has
been demonstrated numerically [50] for spherical cloaks,
and our work now shows that this relationship is general.
As suggested by some authors [5], gain could be used
to compensate for absorption (but not disorder), but as
discussed above our results imply that this compensation
must become more and more exact as the object diameter
increases.
For example, let us explicitly consider absorption im-
perfections for the idealized case of b = 0: that is, sup-
pose we are able to map Vo to a single point V
′
o = 0, but
have a finite B and are still concerned with imperfect ma-
terials. In this case, an incident planewave of amplitude
E0 corresponds to a planewave of constant amplitude in
the cloak for perfect materials, or to lowest order in the
imperfections for imperfect materials. Then, similar to
our analysis in Sec. II B 1, the change in absorbed power
is bounded below by ω2E
2
0 |
∫
Vc
∆Im ε/(maxσi)
2|. Since
we require that this change also be bounded above by
the incident intensity (∼ E20) multiplied by some frac-
tion f of the geometric cross-section sg, we obtain a
necessary condition on the absorption imperfection as
in Sec. II B 1. In particular it follows that an averaged
absorption imperfection | ∫
Vc
∆Im ε/(maxσi)
2|/Vc must
scale proportional to sg/Vc ∼ sgB3/V ′c , where V ′c/sg is
proportional to the diameter. In Sec. II B 1, we further
used max σi ≤ 1/b and pulled out a b2 factor, but that
is not appropriate when b = 0, so instead we must leave
a 1/(maxσi)
2 weight factor (which is only zero at the
inner surface of the cloak) in the average of ∆ Im ε. As
in Sec. II B 1, this is not a sufficient condition because
the observer need not use planewaves—for interrogating
the cloak with a focused beam, a stronger condition must
apply, in which ∆ Im ε within a small (wavelength-scale)
volume must go to zero as diameter increases. If b > 0,
this analysis is only slightly modified in principle (al-
though the precise expression becomes much more com-
plicated): the small scattered field (assuming V ′o ≪ Vo)
from the nonzero V ′o > 0 modifies the field in X
′ by a
small amount over most of V ′c (except immediately adja-
cent to V ′o), which should only change the proportionality
of the Im∆ε scaling by a small factor.
IV. CONCLUSIONS
Generalizing our previous work [4], these scaling laws
point to an inherent practical difficulty (though not
a mathematical impossibility) in scaling experimental
cloaking of small objects to larger ones. Furthermore, we
showed that very similar analysis can be applied to cloak-
ing of isolated objects—bounded index contrasts will im-
ply a bounded reduction in the scattering cross section, a
cloak thickness proportional to the object diameter, and
imperfection tolerances that shrink with the object di-
ameter (a scaling we already observed numerically [4]).
It might be possible to further generalize the results in
this paper to cloaks that are not derived from coordi-
nate transformations (similar to the generality of our
one-dimensional analysis [4]). However, the most seri-
ous constraint on isolated-object cloaking seems to be the
bandwidth, which must be zero for perfect cloaking [1, 2].
Clearly, if perfect cloaking is possible (theoretically) at
a single frequency, then imperfect cloaking (reduction of
the cross section by a given factor) must persist over a
nonzero bandwidth, and an interesting open problem is
to prove how the bandwidth of such imperfect isolated-
object cloaking must scale with the object diameter from
causality constraints.
An alternative direction is to consider relaxations of
the cloaking problem that might prove more practical.
In particular, it would be valuable to make precise the
intuition that the cloaking problem becomes easier if the
incident waves are restricted (e.g. to planewaves from a
certain range of angles) and/or the observer is limited
(e.g. only scattered waves at certain angles are visible,
or only amplitude but not phase can be detected), since
this is arguably the situation in most experiments. (For
example, current “stealth” aircraft are designed in the
radar regime mainly to reduce back-scattering only [56].)
Another interesting possibility is to consider “cloaking”
that attempts to make one object look like a different
object of a similar size rather than making it invisible
(although this approach is similar in spirit to ground-
plane cloaking and may have similar limitations).
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